We prove some generalizations of Suzuki's fixed point theorem and Edelstein's theorem. MSC: 54H25
Introduction and preliminaries
Let (X, d) be a complete metric space and T be a selfmap of X. Then T is called a contraction if there exists r ∈ [, ) such that
d(Tx, Ty) ≤ rd(x, y)
for all x, y ∈ X.
The following famous theorem is referred to as the Banach contraction principle.
Theorem  (Banach []) Let (X, d) be a complete metric space, and let T be a contraction on X. Then T has a unique fixed point.
This theorem is a very forceful and simple, and it has become a classical tool in nonlinear analysis. It has many generalizations, see [-] .
In , Suzuki [] introduced a new type of mapping and presented a generalization of the Banach contraction principle in which the completeness can also be characterized by the existence of a fixed point of these mappings. 
Theorem  [] Let (X, d) be a complete metric space, and let T be a mapping on X. Define a nonincreasing function
where r ∈ [, ), s > r and
Then T has a fixed point. Moreover, if s ≥ , then T has a unique fixed point.
As a direct consequence of Theorem , we obtain the following result. 
for all x, y ∈ X. Then T has a unique fixed point.
In this paper, we prove generalizations of Theorem , Theorem , Theorem  and extend Theorem . The direction of our extension is new, very simple and inspired by Theorem .
Main results
We start this section by proving the following theorem. 
for all x, y ∈ X. Then there exists a unique fixed point z of T. Moreover, lim n T n x = z for all
holds for every x ∈ X, by hypothesis, we get
for all x ∈ X. We now fix u ∈ X and define a sequence {u n } ∈ X by u n = T n u. Then () yields
Hence {u n } is a Cauchy sequence. Since X is complete, {u n } converges to some point z ∈ X. We next show that
That is, we have shown (). Now we assume that T j z = z for every integer j ≥ . Then () yields
for every integer j ≥ . We consider the following three cases:
In the case (a) we note that r < . Then, by () and (), we have
This is a contradiction. In the case (b), we note that r  < . If we assume ad(
then we have, in view of () and (),
This is a contradiction. Hence ad(
. By hypothesis and (),
we have
This is also a contradiction.
In the case (c), we assume there exists an integer ν ≥  such that
Continuing this process, we get
for all n ≥ ν. This is a contradiction. Hence there exists a subsequence {u n(k) } of {u n } such that
for all k ≥ . By hypothesis, we get d(Tz, Tu n(k) ) ≤ rd(z, u n(k) ) for all k ≥ . Letting k tend to ∞, we get d(z, Tz) = , that is, z = Tz. This is a contradiction. Thus there exists an integer j ≥  such that
Now we suppose that y is another fixed point of T, that is, Ty = y. Then
ad(y, Ty) + bd(z, Ty) = bd(z, y) ≤ d(z, y),

so, by hypothesis, d(y, z) = d(Ty, Tz) ≤ rd(y, z). Hence d(y, z) = . This is a contradiction.
Remark  For r ∈ [, /), taking a = , b = , we obtain Suzuki's condition from Theorem . Moreover, from our condition and the triangle inequality, we get
that is,
If r ∈ [/ √ , ), we have
hence our condition implies Suzuki's condition. We also note that if we take a = ( -r)/r  ,
, we get Suzuki's condition. Therefore, our theorem generalizes, extends and complements Suzuki's theorem. Proof Let u  ∈ X and the sequence u n be defined by u n+ = Tu n . Since
Hence {u n } is a Cauchy sequence. Since X is complete, {u n } converges to some point z ∈ X. Now, we will show that there exists a subsequence {u n(k) } of {u n } such that
for all k ≥ . Arguing by contradiction, we suppose that there exists a positive integer ν such that
By induction, we get for all n ≥ ν, p ≥  that
Then we have
On the other hand,
By () and () we have for all n ≥ ν, p ≥  that
Taking the limit as p → ∞, we obtain that
This is a contradiction. Therefore there exists a subsequence {u n(k) } of {u n } such that Proof We put
and choose a sequence {x n } in X such that lim n→∞ d(x n , Tx n ) = β. Since X is compact, without loss of generality, we may assume that {x n } and {Tx n } converge to some elements v, w ∈ X, respectively. We have
We shall show β = . Arguing by contradiction, we assume β > . Since 
